Abstract. Let M be a geometrically irreducible smooth projective variety, defined over a finite field k, such that M admits a k-rational point x 0 . Let ̟(M, x 0 ) denote the corresponding fundamental group-scheme introduced by Nori. Let E G be a principal G-bundle over M , where G is a reduced reductive linear algebraic group defined over the field k. Fix a polarization ξ on M . We prove that the following three statements are equivalent:
Introduction
Let M be a geometrically irreducible smooth projective variety, defined over a finite field k, such that M admits a k-rational point. Fix a k-rational point x 0 of M. Also, fix a polarization ξ on M in order to define the degree of torsionfree coherent sheaves on M.
Let G be a reduced reductive linear algebraic group defined over the field k. We recall that a principal G-bundle E G over M is defined to be strongly semistable if (F n M ) * E G is semistable for all n ≥ 1, where
is the absolute Frobenius morphism (see [15, p. 129, Definition 1.1] and [15, pp. 131-132, Lemma 2.1] for the definition of a semistable principal G-bundle). It is known that a principal G-bundle E G is strongly semistable if and only if for every representation
where V is a finite dimensional k-vector space, satisfying the condition that η takes the connected component of the center of G to the center of GL(V ), the vector bundle associated to E G for η is semistable (see [14, p. 288, Theorem 3 .23]). We are using the notation E G × G V of [6, p. 114, Définition 1.3.1] in order to denote the quotient of E G × V by the "twisted" diagonal action of G; this notation will be used throughout.
The notion of fundamental group-scheme was introduced by Nori [12] . The fundamental group-scheme of M with base point x 0 will be denoted by ̟(M, x 0 ). We recall that ̟(M, x 0 ) is the affine group-scheme over k associated to the neutral Tannakian category defined by the essentially finite vector bundles on M; the fiber functor of the neutral Tannakian category sends an essentially finite vector bundle to its fiber over x 0 (see Section 3).
There is a tautological principal ̟(M, x 0 )-bundle E ̟(M,x 0 ) over M; its description is recalled in Section 3. Therefore, given any homomorphism
we have the principal G-bundle
which is obtained by extending the structure group of the tautological principal
For any zero-cycle C ∈ CH 0 (M), let [C] ∈ Z be the degree of C.
Our aim is to prove the following theorem.
The following three statements are equivalent.
The principal G-bundle E G is strongly semistable and the following two conditions hold:
• for each character χ of G, the line bundle
vanishes, where d = dim M, and
In [16] , the equivalence between the second and the third statements in Theorem 1.1 was proved under the extra assumption that dim M = 1 and G is semisimple.
We also prove the following: 
Strongly semistable principal bundles
Let k be a finite field. Let M be a geometrically irreducible smooth projective variety defined over k. Let d be the dimension of M.
Fix a very ample line bundle ξ over M. For any torsionfree coherent sheaf V on M,
A vector bundle E over M is called finite if there are two distinct polynomials
with nonnegative coefficients such that the vector bundle f (E) is isomorphic to g(E) (see [13, p. Let G be a reduced reductive linear algebraic group defined over k. For a principal G-bundle E G over M, the adjoint vector bundle ad(E G ) is the one associated to E G for the adjoint action of G on its own Lie algebra.
Lemma 2.1. Let E G be a strongly semistable principal G-bundle over M satisfying the following two conditions:
vanishes, and
Proof. Since E G is strongly semistable, the associated vector bundle E G (V ) is also strongly semistable [14, p. 288, Theorem 3.23] . Taking the character χ in the statement of the lemma to be the one associated to the representation top V of G we conclude that
For that, fix a filtration of G-modules
The center of G will be denoted by Z, and the Lie algebra of G will be denoted by g. We note that g is a faithful G/Z-module.
is an irreducible G-module, the action of the center Z on V i /V i−1 is multiplication by a fixed character χ i of G. Hence Z acts trivially on
Therefore, the action of G on End(
where a i , b i are nonnegative integers and m > 0 (see [1, Proposition 4.4] ). We recall that a subquotient of V is a sub G/Z-module of a quotient G/Z-module of V (which is same as being a quotient of a sub module of V).
Using [14, p. 288, Theorem 3.23] it follows that the adjoint bundle ad(E G ), which is associated to E G for the G-module g, is strongly semistable. Also,
2) has the following properties:
Since E G is strongly semistable, using [14, p. 288, Theorem 3.23] we know that the associated vector bundles 
The semistable vector bundle E −→ M of fixed rank with
form a bounded family [9, p. 269, Theorem 4.2]. The field k being finite, it follows from the above boundedness theorem that the set of vector bundles {(F n M ) * E G (V )} n≥1 contains only finitely many isomorphism classes. Hence there are integers b > a ≥ 1 such that
Consequently, from a theorem of Lange-Stuhler and Deligne we conclude the following:
There is anétale Galois covering 
Fundamental group-scheme and principal bundles
Henceforth, we will assume that the variety M admits a k-rational point. Fix a krational point x 0 of M.
The fundamental group-scheme of M with base point x 0 will be denoted by ̟(M, x 0 ) (see [13, The fundamental group-scheme ̟(M, x 0 ) is defined by giving the corresponding neutral Tannakian category. More precisely, consider the neutral Tannakian category defined by the essentially finite vector bundles over M (their definition was recalled in Section 2); the fiber functor for the neutral Tannakian category sends an essentially finite vector bundle W to the k-vector space W x 0 , where W x 0 is the fiber of W over the base point x 0 . The fundamental group-scheme ̟(M, x 0 ) is defined to be the group-scheme associated to this neutral Tannakian category. Consequently, each essentially finite vector bundle W over M gives a finite dimensional representation of ̟(M, x 0 ) over k such that the underlying k-vector space is W x 0 .
Let Rep(̟(M, x 0 )) denote the neutral Tannakian category defined be the representation of ̟(M, x 0 ). So Rep(̟(M, x 0 )) is equivalent to the above neutral Tannakian category defined by the essentially finite vector bundles over M. Let Vect(M) denote the category of vector bundles over X. We have a tautological functor The above tautological principal ̟(M, x 0 )-bundle over M will be denoted by E ̟(M,x 0 ) .
We also note that the restriction of the principal ̟(M, x 0 )-bundle E ̟(M,x 0 ) to the base point x 0 is canonically trivialized. This trivialization is obtained from the facts that the fiber functor for Rep(̟(M, x 0 )) takes any W to the fiber of F (W ) over x 0 (see Eq. (3.1) for F ), and E ̟(M,x 0 ) is defined by F . Let
be the point that corresponds to the identity element in ̟(M, x 0 ) by the canonical trivialization of the ̟(M, x 0 )-torsor (E ̟(M,x 0 ) ) x 0 .
As in Section 1, for any homomorphism
of group-schemes, the principal G-bundle over M obtained by extending the structure group of the principal ̟(M, x 0 )-bundle E ̟(M,x 0 ) using ρ will be denoted by E ρ .
Theorem 3.1. Let E G be a principal G-bundle over M. The following three statements are equivalent.
There is a homomorphism ρ as in Eq. (3.3) such that E G is isomorphic to the principal G-bundle E ρ . (3) The principal G-bundle E G is strongly semistable and the following two conditions hold:
Proof. We will show that the first statement implies the third statement. Assume that
Then all the numerical invariants of E G vanish. To prove that E G is strongly semistable, first note that the vector bundle (
. For a coherent subsheaf E ⊂ ad(E G ) with degree(E) > 0 (the degree is defined using ξ), we have
for the subsheaf
where p is the characteristic of the field k and j is any positive integer. But any given vector bundle can not contain subsheaves of arbitrarily large degrees. In particular, (F a M ) * ad(E G ) does not contain subsheaves of arbitrarily large degrees. Therefore, we conclude that ad(E G ) does not contain any subsheaf of positive degree. Hence ad(E G ) is semistable. This immediately implies that the principal G-bundle E G is semistable. Now replacing E G by (F n M ) * E G in the above argument it follows that E G is strongly semistable.
Therefore, the first statement in the theorem implies the third statement. We will now show that the third statement implies the first statement.
The family of principal G-bundles over M satisfying all the conditions in the third statement in the theorem is bounded [10, p. 533, Theorem 7.3] (see also [4] ). Note that if a principal G-bundle E ′ G satisfies all the conditions in the third statement, then F * M E ′ G also satisfies all these conditions. Therefore, from the finiteness of the field k we conclude that if the third statement holds, then the set of principal G-bundles {(F i M )
* E G } i≥1 contains only finitely many isomorphism classes. Hence the first statement in the theorem follows from the third statement. Now assume that the second statement in the theorem holds. Therefore, for each G-module V , the vector bundle E G (V ) −→ M associated to E G for V is essentially finite. We note that for an essentially finite vector bundle W −→ M, there is a finite group-scheme Γ over k and a principal Γ-bundle
such that the vector bundle γ * W −→ E Γ is trivializable; this follows from [13, p. 83, Proposition 3.10]. Using this we conclude the following:
• W is strongly semistable, and
In particular, E G (V ) is strongly semistable and
for all i ≥ 1. Consequently, the third statement in the theorem holds.
The assertion that the third statement implies the second statement is essentially contained in Lemma 2.1. To explain this, assume that the third statement holds.
Since the field k is finite, a theorem of Lang says that the fiber (E G ) x 0 is a trivial G-torsor (see [7, p. 557, Theorem 2]). Fix a k-rational point
Let Rep(G) denote the category of all finite dimensional representations of G over k. For any V ∈ Rep(G), let E G (V ) be the vector bundle over M associated to E G for V . The point z 0 in Eq. (3.4) defines an isomorphism
of vector spaces over k. More precisely, f V,z 0 sends any vector w ∈ V to the image of
(see Eq. (3.1)) be the functor that sends any G-module V to the essentially finite vector bundle E G (V ) associated to E G for V (it was shown in Lemma 2.1 that E G (V ) is essentially finite); recall that an essentially finite vector bundle over M gives an object of Rep(̟ (M, x 0 ) ).
Let k-mod denote the category of finite dimensional vector spaces over k. Let
be the fiber functor for G that sends any G-module to the underlying k-vector space. Similarly, let
be the fiber functor for ̟(M, x 0 ) that sends an essentially finite vector bundle W to its fiber W x 0 over x 0 . For any V ∈ Rep(G), the homomorphism f V,z 0 in Eq. (3.5) is an isomorphism of G(V ) with H(F 0 (V )), where F 0 is constructed in Eq. (3.6).
Now we note that F 0 and the isomorphisms {f V,z 0 } V ∈Rep(G) together define a homomorphism of group-schemes
is defined to be the group-scheme corresponding to the neutral Tannakian category defined by the category of essentially finite vector bundles on M equipped with the fiber functor that sends any essentially finite vector bundle to its fiber over x 0 ).
Let E ρ denote the principal G-bundle over M obtained by extending the structure group of the tautological principal ̟(M, x 0 )-bundle E ̟(M,x 0 ) −→ M using the homomorphism ρ in Eq. (3.7). Note that the morphism
between the quotient spaces.
From the construction of the homomorphism ρ in Eq. (3.7) it follows that for any V ∈ Rep(G), the vector bundle E ρ × G V −→ M associated to E ρ for V is identified with the vector bundle E G (V ) associated to E G for V . Therefore, we get an isomorphism of the principal G-bundle E ρ with E G . This completes the proof of the theorem.
Note that the above identification of E G with E ρ takes the point in E ρ defined by (e 0 , e) ∈ E ̟(M,x 0 ) × G, where e ∈ G is the identity element and e 0 is the element in Eq. 
be the associated fiber bundle. Since the adjoint action of G on itself preserve the group structure, it follows that Ad(E G ) is a group-scheme over M. Let
be the adjoint group-scheme for E ̟(M,x 0 ) . Since E G = E ρ is an extension of structure group of E ̟(M,x 0 ) using ρ, we have a homomorphism
of group-schemes over M. Indeed, the morphism
where ρ is constructed in Eq. (3.8), descends to the morphism ϕ in Eq. (3.10) between the quotient spaces. Now, using Eq. (3.9) it is straight forward to check that the morphism ϕ does not depend on the choice of the point z 0 . The image of ϕ is also independent of the choice of the base point x 0 . [2] we conclude that E is essentially finite. Now assume that E is an essentially finite vector bundle of rank r. Set G = GL(r, k), and substitute for E G in Theorem 3.1 the principal GL(r, k)-bundle E GL(r,k) −→ M given by E. Since E is essentially finite, we know that there is homomorphism ρ : ̟(M, x 0 ) −→ GL(r, k)
such that E GL(r,k) is isomorphic to the principal GL(r, k)-bundle obtained by extending the structure group of the tautological principal ̟(M, x 0 )-bundle E ̟(M,x 0 ) −→ M using ρ; the homomorphism ρ is given by the functor Rep(GL(r, k)) −→ Rep(̟(M, x 0 )) that sends a GL(r, k)-module V to the associated vector bundle E GL(r,k) (V ). Hence from Theorem 3.1 we know that there are integers b > a ≥ 1, such that the principal GL(r, k)-bundle (F b M ) * E GL(r,k) is isomorphic to (F a M ) * E GL(r,k) . This completes the proof of the corollary.
